
2. DATA

Flowering curves
· Monash University: Malcolm Clark · The University of Edinburgh: Roy Thompson

Fig. 1 Flowering-curve data

3. METHOD
The world is not exclusively Normally distributed, despite what first-year textbooks 
imply. But what are the most desirable properties for a fitted flowering curve to 
possess? We suggest: flexibility in shape, few parameters, non-negative values, 
confidence limits, and an objective goodness-of-fit. Alternative families of curves are 
Normal, Skew-Normal, Beta, and Gamma curves (Table 1). If the basic data are 
counts, any model and method of analysis should reflect that. In particular un-
weighted least-squares methods should be avoided.

Name Symmetry? Enable 
Symmetry? 

Range No. 
Parameters 
(full model) 

Inflection 
Points 

Method 
of 
fitting 

Normal Always By default ),( ¥+-¥  3 2, 
symmetric 

GLM 

Skew-
Normal 

No Yes ),( ¥+-¥  4 2, 
asymmetric 

NLS 

Beta Not 
usually 

Yes 10 <<t  3,    (5) 0, 1, or 2 GLM 

Gamma Never No 0>t  3,    (4) 1 GLM 
 

Table 1Comparison of alternative uni-modal regression curves for flowering curves

4. THEORY
If the basic data are counts, then a plausible model and related method of analysis is 
Poisson Regression (see Box). All three special cases (Normal, Beta, Gamma) can be 
handled as a Generalised Linear Model by selecting the distribution as Poisson and 
using a log transform for the link function. As in a Linear Model, hypothesis tests, 
confidence intervals, confidence bands, prediction intervals and prediction bands are 
handled easily. A key assumption is that they are independent; so there is no 
correlation or lag effect. 

Fig. 2 (a), (c): Simulated flowering curves (4 typical cases), (b): Expected Count 
with 95% confidence limits, (d): Variation of Poisson parameter (red) and 
Binomial probability (green) with time. Vertical blue line is mode of the Beta 
curve; in (a) and (b), horizontal blue line indicates expected maximum count.

5. RESULTS
As an example of Non-Normal fits Fig 3 plots Epsilon-Skew-Normal fits (Mudholkar
& Hutson, 2000) to the data of Fig 1 as obtained using weighted LS. The Trifolium
repenscurve is indistinguishable from that of a Normal. The Crocosmiaand Papaver
data are fitted well, much better than by ordinary least squares. The full Hypochaeris
flowering curve was not modelled satisfactorily by any of our methods. 
Consequently the inflection (elbow), near day 224, was taken to indicate that the 
flowering of this long-lived perennial herb, as for many members of the daisy family, 
was of a mixed population. During its long flowering season (June to November) 
each plant produces several branched flowering stalks in the centre of the main 
rosette. The spring flush was found to be well matched by a Skew-Normal.

Fig. 3 Epsilon-Skew-Normal fits. Vertical lines: modelled maximum and Std. Err.

6. SUMMARY
• Modelling near-Normal flowering curves is not straightforward.

• However the Epsilon-Skew-Normal approach captures much of the asymmetry (� ) 
in many types of flowering curve, and allows it to be quantified.

• Beta and Gamma models, despite their flexibility and increased number of 
parameters, struggle to model flowering curves from start to finish.

• Poissonian Regression, and Markov Chain Model simulations, are theoretically 
attractive but have proved difficult to use for fitting purposes.

• Future work: Model comparison - under what conditions does the Poisson approach 
work better than least squares? What is the best approach for percentage data? 

• A continuing worry in all our approaches is the implicit assumption of statistical 
independence between successive counts.

1. INTRODUCTION
In many phenological studies an easy, practical approach that is often adopted is to 
observe first occurrences. More information, however, can be obtained from the full 
flight curve, eg of aphids, or the full flowering, or leafing, behaviour of plants. A 
straightforward approach to modelling flowering curves is to fit them by a Normal 
distribution. However, many phenological data sets, of both individual and 
population behaviour, are skewed (Fig 1), or flat topped. We have explored a range 
of alternatives to the Normal Model (Table 1). The poster illustrates some of their 
advantages and disadvantages.

 

Theory for “Poisson Regression 
 

 

Let iX be the number of flowers in bloom at time it  Assume nXXX ,...,, 21  

are independent  Poisson random variables with differing means given by nmmm ,....,, 21

respectively. These Expected Values are related by a linear relationship: 

...)()())(ln( 22110 +++= ttt lblbbm  

where )(),( 21 tt ll and so on are known functions. 
 

Special Cases: 
 

Beta curve: 

)ln()(1 tt =l , )1ln()(2 tt -=l , with re-scaling of the time scale to ensure 

 that 10 << t . The mode is at )( 211 bbb +=t  

 

Normal curve: 

tt =)(1l ,
2

2 )( tt =l , with no restrictions on the range of t 

With this parameterization, the mode is at )2( 21 bb-=t  
 

Gamma curve: 

tt =)(1l , )ln()(2 tt =l , with the constraint 0>t . 

With this parameterization, the mode is at 21 bb-=t  

Markov Chain Models allow 
lags to be modelled. Realistic 
flowering curves (Fig 2) can 
be generated by the following 
Markov Model in which new 
flowers are assumed to have a 
Poisson distribution with 
parameter (mean) changing 
with time as a Beta-shaped 
curve. The number of 
surviving flowers from one 
day to the next follows a 
Binomial Distribution, with 
probability decreasing with 
time. 
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Four examples of common 
types of flowering-curve data 
are plotted in Fig 1. Trifolium
repens broadly follows a 
normal distribution, the other 
three taxa are right or left 
skewed. Isolated low-counts 
(eg on day 236 for 
Crocosmia, on day 248 for 
Hypochaeris) possibly follow 
rainfall events. Of 142 
Scottish taxa studied by E. 
Jeffree 20% were found to be 
left-skewed, 8% right-skewed 
and 72% Normal.

.


